SYDNEY BOYS HIGH

SCHOOL
MOORE PARK, SURRY HILLS

2015

HSC ASSESSMENT TASK # 3

Mathematics Extension 1

General Instructions

Reading time - 5 minutes
Working time - 90 Minutes

Write using black or blue pen. Black pen is
preferred.

Board approved calculators may be used.

A table of standard integrals is provided at the
back of this paper.

In Questions 8 - 10, show ALL relevant
mathematical reasoning and/or calculations.

Marks may NOT be awarded for untidy or
badly arranged work.

Answer in simplest EXACT form unless
otherwise instructed.

Total marks - 60

Section | | Pages2-5

(7 marks)

e Attempt Questions 1 — 7 on the Multiple
Choice answer sheet provided.

e Allow about 10 minutes for this section.

Section Il | Pages 6 — 15

(53 marks)

e Attempt Questions 8 — 10.

e Start a new answer booklet for each
question.

e Allow about 1 hours and 20 minutes for
this section.

Examiner: J. M.

This is an assessment task only and does not necessarily reflect the content of the Higher School
Certificate.
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Section |

7 marks

Attempt Questions 1-7

Allow about 10 minutes for this section.

Use the multiple-choice answer sheet for Questions 1-7.

1.  The exact value of sin™ (ij cos‘l(%j is

2
(A) 0822

®

© %

(D) ’1”—2

2. Atadinner party, the host, hostess and their six guests sit at a round table. In how many ways
can they be arranged if the host and hostess are separated?

(A) 5040
(B) 3600
(C) 1440
(D) 720

3. Which one of these functions has an inverse relation that is not a function?

A y=x
(B) y=Inx
© y=+x
D) y=¥



4.  In the figure shown, four chords are drawn so that two intersects at point C and chord AE is
the diameter of the circle. If AB =6, BC =8, CD =4 and DE = 12, then what is the area of the

circle?

(A)
(B)
(©)
(D)

967 U
81r U
64r u2

277 U?

5. Using the substitution of u=2x-3, the integral ofJ;2 dx is equal to
(2x-3)> +1

(A)
(B)
(©)

(D)

tan'(2x-3)+C
2x—-3
tan'(2x-3)+C

%tan‘l(Zx—B) +C

—%tan‘l(2x—3) +C



The radius of a sphere is increasing at a rate of 3 cm/min. When the radius is 8 cm, the rate of
increase, in cm*/min, of the volume of the sphere is:

(A) 85%7[
(B) 2657
©) 682%7[
(D) 768«

Two particles start at the origin and move along the x axis. For 0 <t <10, their respective
position functions are given by x, =sint and x, =e ™ —1. For how many values of t do the
particles have the same velocity?

(A) One
(B) Two
(C) Three
(D)  Four

End of Section |
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Section 11

53 marks

Attempt Questions 8 — 10

Allow about 1 hour and 20 minutes for this section.

Answer each question in a new writing booklet. Extra writing booklets are available.

In Questions 8 — 10, your responses should include ALL relevant mathematical reasoning and/or
calculations.

Question 8 (17 marks) Start a new writing booklet for each question.

(@ Find the gradient of the tangent to the curve y =sin‘1(§j at the point where x=1.

(b) From a group of 7 men and 6 women, five people are to be selected to form a committee.
How many committees can be formed if:

(i)  There are at least 3 men on the committee?

(i) One particular man must be on the committee and one particular woman must not
be on the committee?

(iii)  One particular man and one woman refuse to be on the committee together?

(c) Use mathematical induction to show that for all integers n>1,

1 1 1 2n
+ + 4.+ = )
1+2 1+2+3 1+2+3+...+n n+1

Question 8 continues on the next page
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(d) By using the substitution of u =27 —x*, find the volume of the solid formed when the

region bounded by the x axis and the curve y = x(27 - x?’)2 between x=0 and x=2
is rotated about the x axis.

(e) Arresting adult’s breathing cycle is 5 seconds long. For time t seconds, 0<t<2.5,
air is taken into the lungs. For 2.5<t <5 air is expelled from the lungs.

The rate, R litres/second, at which air is taken in or expelled from the lungs can be

modelled on the equation.
R= 1sin (thj
2 5

How many litres of air does a resting adult take into their lungs during one breathing cycle?

End of Question 8
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Question 9 (18 marks) Start a new writing booklet for each question.

(@)

()

At 3 pm in a school playground, a melted chocolate bar is found to be at a temperature
of x°C . The packaging on the chocolate bar says it will begin to melt at 16°C . The
temperature, T°C, of the bar t minutes after 3 pm varies according to the differential
equation

dT 1
——=—In(L.6) (A-T),
&t ~go MO (A-T)

where A is a constant.

(1)  Show that for any constant, B, a solution to the differential equation is

L eyt

T=A+Be ®

(i)  After an hour, the chocolate bar increases in temperature by 3.75°C . Given the
chocolate bar started to melt at 2 pm, find x and the limiting temperature of the bar.
Assume the temperature of the day is constant.

Inv3 X
e
dx.

Use the substitution u =e* to evaluate j

2
o l+e”

(c) Given f(x)=20051[%)—sinl(l—xz). Show that f'(x)=0 for x>0.Hence

sketch f(x) for x>0.

Question 9 continues on the next page
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(d) Prove by induction that for every integer n>1.

d n
dx"

xe?*)= 2" (2x+n)e?
(2x+n)

(e) The diagram below, shows two unequal circles intersecting at A and B. the tangent
to the smaller circle at A cuts the larger circle at P, PB cuts the smaller circle at C and
CA cuts the larger circle at D. If ZQAC =x and ZPAB =y, show, giving reasons that

ZBDA=Xx-Y. D Q

End of Question 9
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Question 10 (18 marks) Start a new writing booklet for each question.

(a) A car braked with a constant deceleration of 16 m/s?, producing skid marks measuring 4
200 m before coming to a stop. How fast was the car traveling when the brakes were
first applied?

(b)  Consider the function f(x)=3xtan™"(2x).

(i)  Write down the range of f(x). 2
. , 4 6X
(i) Show that f'(x) =3tan(2x) + 5 2
1+4x
(iii) Hence, evaluate the area enclosed by the g(x) =tan*(2x), the x axis and 3
the Iinesx:i and x=£.
2 2
(c) A point Alies on the y axis, 1 unit away from the origin in the positive direction.
Another point P lies on the line y = xtan @, where 0°< 8 <90°, and travels along
the line with some speed S m/s. Let | be the distance from P to the origin, and let
ZOAP be ¢. y
A
Sm/s
A
¢
P
1
I
0
0 > X
(i) Provethat | = % 2
cos(¢—0)
(i)  Show that when ¢ = 20,
(1) ¢=Scosé. 3
(2) ¢=—pxSxl. 2
End of Exam
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STANDARD INTEGRALS

1 .
X" dx =——x" nz-L n=z0; if n<0.
n+1
1
= dx =Inx, x>0
X
e™ dx =%, a=z0
a
1.
cosax dx =Zsinax, a=0
a
. 1
sinax dx =-2cosax, a=0
a
2 1
sec” ax dx =—tanax, a=0
a
secaxtanax dx =—secax, a=z0
a
1 1 X
—— dx ==tan'=, a=#0
a’+x a a
1 . X
— dx =sin?t=, a>0, -a<x<a
a“—x a

Note:

dx :In(x+\/x2—a2), x>a>0

dx :In(x+\/x2+a2),

Inx =log, x x>0
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Suggested Solutions
&
Markers’ Comments

QUESTION Marker
1-7 -
8 BK
9 RB
10 DH

Multiple Choice Answers

1. D 4. B 7. C
2. B 5. C
3. D 6. D



Solutions for Multiple Choice Y12 Ext 1 Task 3 2015
The mean score for this question was 5.93/7

Q1

Q2

Q3



Q4

Q5

Q6

Q7
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10.

2015 Extension 1 Mathematics Task 3:
Solutions— Question 10

(a) A car braked with a constant deceleration of 16 m/s?, producing skid marks
measuring 200 m before coming to a stop. How fast was the car travelling when
the brakes were first applied?

Solution: Method 1— Taking u as the initial velocity:

( d
i(lv2> = —16 ) v = 16,
dr \2 L ’ 0 dx 200
;U = —16r +ec / v.dv = / —16.dz,
When x = 200, v =0, u 0
e = 3200, 21" 0
5 or —| = | —16x ,
so v° = 6400 — 32x. 21, 0
When = = 0, u? = 6400, u?
u = +80, 0—?: —3200 + 0,
but u > 0, u? = 6400,
thus « = 80m/s. J \ Sou= 80m/s as u > 0.

Comment: Candidates who used this method were generally successful,
although placement of limits in the right-hand version caused
some confusion. When taking square roots, candidates should
explain why the positive or negative was chosen.

Method 2— & = —16,

= —16t+c............

x= -8’ +ct+d........
Whent =0, r=0=d=0,
x = —8t% + ct.

When z = 200, v =0, t =T say,
0= —16T +c, from

so ¢ = 16T,
and 200 = —8T2 + 167T.T, from
= 8772,
T2 = 25,
T = +5,
but T > 0= T = 5s,
c.c= 16 x5,
= Q0.

When t = 0, = = 80,
i.e. the initial speed is 80m/s.
Comment: Many candidates got lost in the algebra, often failing to make
the distinction between the variable ¢ and the constant T

Solutions continue overleaf—




Solution: (Continued)
Method 3— Using the equation v? = u? + 2aS from Physics,
and substituting known values: 0 = wu? 4 2(—16) x 200,

2

u® = 6400,
u = %80,
but u > 0,

thus u = 80m/s.

Comment: This method garnered at most 2 marks because the equation was
simply stated rather than derived. See below for an example of
how the equation (marked as [2]) could have been derived.

d
Method 4— d—: ~ —16.
Sov = —16t 4+ c.
When t = 0, v = ¢ = vy, say,
d
sov:d—f:—mt—i—vo ................

or = =8t + ot +c.
Whent= 0, x=0=c¢c=0.
and z = vt — St2.

But t = %, from

o vg—wyy (vo—w)?
CTT T T 32
202 — 20vg — V3 + 2009 — v?
32 ’
32z = US — v
When z = 200, v =0,
v = 80,
but vy > 0,
so the initial velocity, vg, is 80m/s.




(b) Consider the function f(z) = 3z tan™'(2x).
(i) Write down the range of f(x).

Solution: When z > 0, 3z >0, tan~'(2z) > 0,
so f(z) > 0.
When z < 0, 3z <0, tan"'(2z) <0,
so f(xz) > 0.
Also f(0) = 0.
Hence range: f(z) > 0.
Comment: Many candidates seemed to confuse domain and range.
Others failed to see that the function was even. Very few
gained full (or any) marks.

.. _ 6x
(ii) Show that f/(z) = 3tan~!(2z) + T i

1
Solution: f/(z) = 3 x tan™!(2z) + 3z X 2 x

14 (2x)%
(using both the product and chain rules)
6x
= 3tan™!(2 :
an~!(2x) + e

Comment: This was generally well done, although some candidates do
not realise that show means give an idea of how the result
was obtained. Simply affirming that you agree by rewriting
the statement is insufficient.

(iii) Hence, evaluate the area enclosed by the g(z) = tan=!(2z), the z-axis, and

V3

the lines t = — and x = —.
2 2

N 3 % Ga.d

2 3 2 xT.ax
SOlutiOn: /; f’(x)d[[’ = /; 3tan_1(2x).dx + /é ma
3

/3 V3
A 2 8r.dx
-1 _ 2
tan~!(20).de = [f(x)] © -2 / T+ 42

&

w
NJN
V)
B~

V3 3
7 _Lf337 37 = ] *
/% tan (2x).d;1:—3{ 53~ 5% 1 1n(1+4a:)%,

3 7 1l 1+4><%
= ————-—=-In

6 8 4 \1t+4x1i)’
_mv3 r 1,

6 8 4

Comment: “Hence” means hence, i.e. your method must follow
directly from the previous result. This is not the same
as “Hence or otherwise” when other methods (like parts)
with no connexion to earlier results are permitted.




(¢) A point A lies on the y-axis, 1 unit from the origin in the positive direction.
Another point P lies on the line y = xtan#, where 0° < 6 < 90°, and travels

along the line with some speed Sm/s. Let ¢ be the distance from P to the origin,
and let ZOAP be ¢. y

S <
1 m/s
¢
P
1
L
0
O x
sin ¢
i) P that / = ——.
(i) Prove that ¢ cos(— )
Solution: ZAOP = 90° — 0 (adjacent complementary /s),

LAPO + ¢+ 90° — 0 = 180° (angle sum AAOP),
S LAPO = 90° — (¢ — 0).
l 1

= i 1
sing  sin (90° — (¢ — 6)) (sine rule),
) sin ¢
cos(¢p —60)
Comment: Some candidates omitted showing clearly how they arrived

at a value for LZAPO.




(ii) Show that when ¢ = 20,

(o) ¢ = Scosb.
. dt cos(¢p—8).cosp— (—sin(¢ — 0).sin )
Solution: i cos2(6 = 0) ,
_ cos ((gb —0)— gb)
- cos2(p—0)
~ cos(—0)
~ cos2(p—0)
~do  cos*(p—0) e
tde cos 6 and%_S,
dp  S.cos*(¢ —0)
O T cos 6 '
B dp  S.cos*
And when ¢ = 20, U osd
i.€. gZ) = Scosb.

Comment: A worrying number of candidates did not seem to
understand the notation of Newtonian fluxions,

do

dt’

they apparently assumed that <b was the same as ¢'.

Many failed to realise that # is a constant and at the

instant when ¢ = 26, the values are momentarily fixed,

so all the calculus should be done before considering

that moment.

i.e. that (b:>

p=—pxSxl.
. ddoy S><2><(—sin(¢—9))><cos(<;§—9)><¢
Solution: E(E> = | p—"7 ,
=9 x 8 x2sin(¢ —0) x cos(¢ —0)
B 190 cos 0 '
sin ,
So when ¢ = 260, ( = p—"z (from part (i),
_ 2sinfcost
N cos 6
= 2sin6,
andé: —gzﬁ><5><2s1n9><cos«9_
_ cosf
= —¢p xS x2sinb,

= —pxSx{

Comment: Candidates had the same kinds of problems in this part
as in the previous one.
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